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BEHAVIOUR OF INJECTIVE DIMENSION WITH RESPECT TO REGRADINGS 


ANDREA SOLOTAR AND PABLO ZADUNAISKY 


Abstract. Given a left noetherian k-algebra A graded by a group G, an injective object 
I in the category of G-graded A-modules and a morphism from G to another group 
G ', we provide boimds for the injective dimension of I as a G '-graded A-module. For 
this, we use three change of grading fimctors. Most of the constructions concerning these 
functors work in the context of H-comodule algebras, where H is a Hopf algebra, so we 
develop them in this general context. 
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1. Introduction 

In IIVdB97L M. Van den Bergh states that if A is a left noetherian IN-graded connected 
algebra over a field k and 1 is an injective object in the category of Z-graded A-modules, 
then 1 has injective dimension at most one when considered as an A-module. He leaves 
the proof of this fact as "a pleasant exercise in homological algebra". In this note we 
prove a general version of this result: we provide bounds for the injective dimension 
of a graded injective module when the grading changes. This is useful for example 
when one wants to study how A-modules behave with respect to a property which is 
valid for graded A-modules. Notice that B. Possum and H. Foxby had already proven 
in IIFF741 Theorem 4.10] the statement in Van den Bergh'a article for A commutative, 
using localization techniques. Also, A. Yekutieli gave in IIYekl4ll a detailed proof of Van 
den Bergh's statement. Our proof is completely unrelated to the ones found in either of 
these references and it deals with arbitrary grading groups and change of gradings in 
the non necessarily commutative case. 

Just to get an idea of the situation, let us start by looking at a possible solution to 
Van den Bergh's exercise. Let A be a Z-graded algebra and let N be a left A-module. 
We can turn N Ojj k[t, into a Z-graded left A-module, with the action of an element 
a G A of degree 1 G Z given by a • (n 0 V) = an 0 for all n G N and r G Z. 
There is an A-linear surjective map N (8)ik k[t,t“^] —i N, induced by the projection 
k[t,—I k[t,t“^]/(t — 1) = k, with kernel N (8)k (t — 1 )k[t,H^]. Thus we obtain an 
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exact sequence of A-modules 


0 --^ 0 . 

As a sequence of k-modules, it is the tensor product of N with the minimal projective 
resolution of k = k[t, t^^]/ (t — 1 ] as a k[t, t~']-niodule. 

Let 1 be an injective object in the category of Z-graded left A-modules. Since N 0k 
k[t, t“'] is a Z-graded left A-module, it is natural to ask whether the fact that 1 is graded 
injective implies that ExtX(N 0k k[t, t~^], I) = 0 for all i > 0; in Prop. 13.21 we prove that 
this holds if A is noetherian. Thus, in this case we have a resolution of length 1 of N 
by left A-modules which are acyclic with respect to the functor HorriAj—, 1); this proves 
that Ext^jN, 1) = 0. Since N is arbitrary, we deduce that the injective dimension of I in 
the category of A-modules is at most 1. 

Motivated at first by the example of change of grading considered in BRZII . the ob¬ 
jective of this note is to put this result in a more general perspective, showing how 
injective dimension changes when we change the grading group over a fixed algebra. 
We show that the general case follows the same pattern as the Z-graded case, and re¬ 
quires little more than general homological algebra. For this, we define three change 
of grading functors. These functors arise in the more general situation of A-modules 
endowed with two different comodule structures over two Hopf algebras related by a 
morphism. 

We prove the following result. 

Theorem: Let A be a noetherian G-graded k-algebra and let cp : G —> G' be a 
morphism of groups. Let n be the projective dimension of kG' as a G'-graded left kG- 
module. Given a G-graded injective A-module 1, the injective dimension of 1 when 
considered as a G '-graded A-module through (p is less than or equal to n. 

In Section|2]we first recall some definitions and fix notations. Afterwards we define 
the change of grading functors in the Hopf algebra setting and prove useful properties 
about them. 

In Section |3] we specialize to the group-graded situation and we prove our main 
result. 

In Section|4]we obtain bounds for the injective dimension of a graded module when 
the grading changes through a group morphism. 

Throughout this work k denotes a commutative ring with unit and A is a k-algebra, 
projective as k-module. All unadorned tensor products are over k, and all Hopf alge¬ 
bras will also be projective as k-modules. 

We thank Mariano Suarez-Alvarez for a careful reading of a previous version of this 
article. 


2. Graded algebras and modules 

2.1. Some definitions and notations. Let A be a k-algebra and let G be a group. The 
algebra A is G-graded if it can be decomposed as the direct sum of sub-k-modules Ag 
indexed by G such that AgAg/ C Agg/. A G-graded module M over A is an A-module 
with a decomposition as a direct sum of sub-k-modules Mg such that AgMg/ C Mgg/. 
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The k-module Mg is called the homogeneous component of M of degree g. We consider k 
to be a G-graded algebra with ki^ = k and all other components equal to 0. 

An A-linear morphism f : N —> M between G-graded left A-modules is said to be 
homogeneous of degree g if f(Ng 0 c Mg/g for all g' in G. A G-grading on A is equiv¬ 
alent to a right kG-comodule algebra structure on A, and a G-graded left A-module 
is a left A-module with a compatible structure of kG-comodule, that is, the following 
diagram commutes: 


A0 M' 


|J-M 


M 


Pa®m 


A G) M (g) kG 


Pm®Id 


Pm 

M (g) kG 


where pjvi denotes the action of A on M and Pm, Pa(g)M denote the respective kG 
coactions. Given a Hopf algebra H, we will denote by a Mod'^ the category of left A- 
modules with compatible structure of right H-comodules. 

The morphisms in a which we shall denote , —) are homogeneous 

of trivial degree. For any f e Hom^^(N,M) and g G G we write fg for the k-linear 
map fg : Ng —> Mg obtained by restriction and corestriction of f, and we call it the 
homogeneous component ofi in degree g. Notice that f is determined by its homogeneous 
components. 

Given a G-graded left A-module M and g G G, we denote by M(g) the A-module M 
with a new G-grading, whose homogeneous components are given byM(g)g/ = Mg/g. 
If f G Hom^^(M, M'), we define f(g) : M(g) —> M'(g) to be the morphism whose 
underlying function is the same as that of f. It is easy to see that f (g) is homogeneous 
of trivial degree. Thus we obtain the g-shift functor, denoted by Zg : AMod'’*^^ —> 
AMod"*^'^. One can check that ZgoLg_i =ld, so the g-shift functor is an automorphism 
of AMod"^^. 

An obvious example of a G-graded algebra is the group algebra kG. We will write 
Ug for the canonical generator of the homogeneous component of kG of degree g, that 

is (kG)g = kUg. 

2.2. Change of grading functors. Let H and H' be two Hopf algebras and let cp : H —> 
H' be a morphism of Hopf algebras. Suppose we are given a right H-comodule algebra 
A with structure morphism pj^ : A —> A G H. The composition 1 0 cp o pj^ : A —> 
A 0 H' turns A into an H'-comodule algebra. Of course the same idea works with left 
H-comodule algebras; in particular, we consider H as a left H'-comodule algebra with 
structure map cp 0 1 o Ah. 

The morphism cp induces two functors 

cpi : A Mod*^ —> A Mod*^ cp* : a Mod*^ —> a Mod*^ 

which we now define. 

Given an object M of a Mod'^ with structure morphism pj^ : M —> M 0 H, the 
object (pijM) coincides with M as A-module, while its structure morphism is = 

1 0 cp o pj;^ : M —> M 0 H'. Furthermore, given a morphism f : M —> M' in a Mod'^, 
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we set (pi (f) = f. It is easy to check that the functor <p\ is well defined. We say that <p\ is 
obtained by restriction along cp. 

Now, given an object N of a Mod*^ , we define (p*(N) as NDh'H, where Dh' is the 
cotensor product of H'-comodules; here we consider H as a left H'-comodule through 
(p. Notice that N (8) H has a left A 8) H-module structure. Since : A —> A (8 H is 
a ring homomorphism, it induces a left A-module structure on N 8 ) H. The subspace 
(p*(N) = NDh'H C N 8 ) H is an A-submodule of N 8 ) H. For any morphism f : N —> 
N' in A Mod*^ , we set (p*(f) : (p*(N) —> (p*(N') tobe f 8 ) Id : NDh'H —> N'Dh'H, that 
is the restriction and corestriction of f 8 Id. 

The cotensor product has been defined originally in IIEM66II . The functors (pi and cp* 
are A-equivariant versions of those introduced in IIDoiSll 1.2]. Proposition 12. 1 1 below 
corresponds to Proposition 6 of that article. 

Proposition 2.1. The functor cp* is right adjoint to cpi. 

Proof. The image of the coaction map pj^ : M —> M 8 H is contained in MDh'H, and 
hence induces a map lm : M —> cp^jcpijM)), which is natural in M and compatible 
with the action of A. Also, there is a natural transformation Cn : (p!((p*(N)) —> N 
given by the composition of IdDH'Cp with the canonical isomorphism NDh'H' = N, 
which is also A-linear. These are respectively the unit and the counit of the adjoint pair 

((P!,(p*). □ 

By definition the functor cpi is exact and reflects exactness, meaning that a complex in 
A Modis exact if and only if its image by cpi is exact. As shown in IIDoiSll Proposition 
5], the functor cp* is exact if H is an injective H'-comodule, for example if it is free. By 
standard properties of adjoint functors, we obtain the following corollary. For the proof 
of the second statement, see IIWei941 Prop. 2.3.10]. 

Corollary 2.2. The functor (p* sends injective objects to injective objects. Furthermore, ifH is 
an injective H'-comodule, the functor (pi sends projective objects to projective objects. 

The hypothesis of the last part of the corollary is satisfied for example when H' is a 
group algebra over a field, since in this case H' is cosemisimple and thus every comod¬ 
ule is injective. 

For the rest of this subsection, k will be a field. Let L = {x G H : p[{ (x) = x 8 1} 
be the subalgebra of coinvariants of H as left H'-comodule. Recall that L C H is called 
cleft if there exists a convolution-invertible left H'-comodule morphism y : H' —> H 
and in that case there is a left H'-colinear, right L-linear isomorphism of Hopf algebras 
H —> H'ij#L and the extension L C H is H'-Galois; see IIMon931 Theorem 7.2.2] for 
details. 

By BWisOOl 5.1], the category a Mod*^ is a Grothendieck category. If the extension 
L C H is cleft, then H is a free H'-comodule, so it is injective and in particular (p* : 
A Mod*^ —> A Mod'~* is an exact functor, hence preserves colimits. Thus, by Freyd's 
Adjoint Functor Theorem, (p* has a right adjoint, which we denote by (p*. 

The following corollary is also a consequence of adjointness. 

Corollary 2.3. If the extension L C H is H'-cleft, then the functors (pi and (p* send projective 
objects to projective objects. 
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We set some more notation. Given a Hopf algebra H and an object N of a Modwe 
denote by Add(N) the full subcategory of a Mod*^ whose objects are direct summands 
in A Mod*^ of coproducts of copies of N. In other words Add(N) is the smallest full 
subcategory of a Mod'~* containing N and closed by direct sums and direct summands. 

Proposition 2.4. Suppose L C H is cleft and H' is cocomutative. if N is an object of a Mod*^', 
then there exists a resolution S* —> N, with S’- in Add((p!((p’^(N]))/or aZi i > 0. Moreover, 
ifn is the projective dimension of H' in h Mod*^ , then S’- = 0/or all i > n. 

Proof. Since H' is cocommutative, given T G h Mod*^ , the k-module NDh'T is an H'- 
comodule and it has an A-module structure given by a(n 01) = uou 0 uit, compatible 
with the H'-comodule structure. We can thus view NDh'— as a functor from h Mod*^ 
to A Mod*^ . 

By IIMon93l Theorem 8.5.6] and originally IISch90L if the antipode of H' is bijective 
-and this is the case here-, then there is an equivalence of categories 0 : ^ Mod —> 

Mod = H Mod*^ given by 0(T) = H 0]_ T, so h Mod*^ has enough projectives and 
each projective object is a direct summand of a direct sum of copies of H. Fix a projective 
resolution P* —> H' in h Mod*^ . Since each P’ is a direct summand of a free module in 
H Mod*^ and H is free as an H'-comodule, this is a flat resolution of H' so, if we consider 
the complex NDh'P*, it is acyclic in positive degrees and its homology in degree zero is 
isomorphic to NDh'H' = N. For each P’ choose Q’^ in h Mod*^' such that P’ © Q’ is free of 
rank G N U{oo}, so (NDh'P’"] © (NDh'Q’') = NDh/P’" © Q’], which is isomorphic as 
object of A Mod*^ to the direct sum of Ui copies of cp/cp^jN]). ThussettingS* = NDh'P* 
the proof is complete. □ 

If M G A Mod*^, there is an A-linear map C : M 0 L — > (p* ( cpi ( M)) such that m 0 1 1 —> 
mo 0 mil. This map is injective since the corestriction of q : cp^jcp/M)) — } M 0 H 
defined as m 0 g i—> mo 0 S(mi )g is a left inverse of f. Clearly f is an isomorphism if 
H and M are finite-dimensional, and it is easily checked that this also holds if H and H' 
are group algebras. We do not know if this holds in more general situations. 

3. The group algebra case 

We now focus on the case in which H = kG and H' = kG' are group algebras and 
(p : H —> H' is induced by a group morphism : G —> G'. In this case, we have 
L = kt with t = ker 0. As a particular case of the previous constructions, the morphism 
0 : G —> G' induces a G'-grading on A via the functor cpi, the homogeneous G'- 
components are 

Ah = 0 Ag 

g€(p-’(h) 

for h G G'. 

Lemma 3.1. Let M be an object of a Mod'^. The morphism M[l] —> cp^jcpijM)) send¬ 
ing m G M[l]g fo m 0 g G (p^jcp/M)) is an isomorphism in a Mod*^, which is natural. 
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Proof. In this case the map r| : (p*((p!(M]) —> M (8) H defined at the end of the pre¬ 
vious subsection is a two-sided inverse of C so (p*((p!(/Vl)) = M L. Now the map 
®i6t ^ M (8) L given by m G M[l] i—> m 0 1“' G M 0 L is an isomorphism in 

A Mod*^, and the morphism in the statement is the composition of this map with C- □ 

In the case where H = kG and H' = kG' are group algebras, the functor (p* has the 
following concrete description. Explicitly, if M is a G-graded left A-module and h G G', 
the homogeneous component of degree h of cp* (M) is 

(p*(A/l)]T^ = ^9" 

g6(p-'(h) 

We now define the left action of A on cp* (M) in the group algebra case; notice that it is 
enough to define the action of a G-homogeneous element of A over a G'-homogeneous 
element of cp^M). If a G Ag and (rag)gg(p-i( h) G (P*(M)k, then a - (mg)gg(p-i(H) = 
(amg) g g (p-1 (h) • Given a morphism f in a M , the homogeneous component in degree 

hof (p=i<(f] is givenby (p*(f)K = O fg, which is easily seen to be A-linear. 

g6cp-' (h) 

We refer to the functors cp*, cp*, cpi defined in the previous paragraphs as the change 
of grading functors. As we have seen, they form an adjoint triple, i.e. cp* is right adjoint 
to cpi and left adjoint to cp*. These functors are not new. They appear in different guises 
in BDoiSlL IINVO04L BPPllll . and probably many other places. However, as far as we 
know this is the first time the functor cp* is discussed in the context of graded modules 
over an algebra. 

Remark 3.1.1. If M is an object of a Mod*'®^^, there is a natural isomorphism 
(p*o(p4M)= M[l]. 

Icker <p 

In our setting, the change of grading functors are exact, and also cp* reflects exactness; 
this does not hold for cp* unless cp is surjective. 

Given I, M of a Mod*^, we recall that M is l-acyclic if TZ^ HomA_(M, I) = 0 for all i > 0. 

Proposition 3.2. Assume A is a noetherian G-graded k-algebra and let I be an injective object 
in A Mod^^. 

(1) IfM is an object of a Mod’’^^, then cpijM) is cpijlj-flcycZzc. 

(2) Let L = and0:i_ Mod —> Mod = h Mod^' be the equivalence of categories 
such that ©(T) = H 0l T. IfP is a projective L-module and N is any G'-graded A- 
module, then NDkg/BjP) is (p\ [l)-acyclic. 

Proof By Remark 13.1.11 and the adjunctions between the change of grading functors, 
there are natural isomorphisms 

HomA‘L'((P!(-),(P!(I)) = HomA^(-,(p*((p!(I)] = HorriA^j-,0 I[l]). 

let 

Since shift functors are autoequivalences of the category AMod'’*^^, they preserve in- 
jectives. Since A is noetherian, the G'-graded A-module (p*((p!(I]) is injective. This 
follows from the graded analogue of the Bass-Papp Theorem (see for example the 
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proof in IIGW041 Theorem 5.23], which adapts easily to the graded case). Therefore 
the functor Hom^^ Till)] is exact. On the other hand, cpi is an exact functor 

that sends projective objects to projective objects, so there are natural isomorphisms 
(7?.^ Hom^^ )((P!(—), cpijl)) = (cpij—), cpijl))), and, since the last functor is 

identically zero, this proves the first statement in the proposition. 

Now, if P is a projective L-module, then it is a direct summand of a free L-module 
F, so NDkG/OjP) is a direct summand of NDkG/OjF], which in turn is isomorphic to a 
direct sum of copies of (p!((p*(N)). Thus NDkc/©]?), being a direct sum of cpijlj-acyclic 
modules, is itself cpi (l)-acyclic and so are its direct summands. This proves item 2. □ 

We write Ext^^'^j—, M) for the ith right derived functor of Flom^^j—, M). 

Theorem 3.3. Let A be a noetherian G-graded k-algebra. Let n be the projective dimension 
o/kG' in the category . If I is an injective object in a then the injective 

dimension o/cpijl) is less than or equal to n. 

Proof. By Proposition 12.41 every object N of a Mod''®^^ has a resolution S* by objects of 
Add((p!((p*(N)]). Moreover, this resolution can be chosen of length smaller than or 
equal to n. By item 2 of Proposition l3.2l each object of Add((p! (cp* (N ])) is acyclic for the 
functor FlorriA^ , cpijl)]. This fact implies that for all i > 0 there is an isomorphism 
Ext|^^'^(N, cpijl]) = H’-fFlorriA^jS*, (pi]!))) for all i > 0. In particular Ext|^^'’'(N, cpijl)) = 
0 for any N and all i > n, and the result follows immediately. □ 

4. Injective dimension of graded modules 

The results from the previous section have an easy consequence that we prove next. 
Let t be, as before, the kernel of 0 : G —> G'. Recall that the cohomological dimen¬ 
sion of t over k coincides with the projective dimension of the trivial L-module k. We 
denote by id^ M the injective dimension of an object M in a Mod**^^. 

Proposition 4.1. If Mis an object of/^ Mod''*^^ and n is the cohomological dimension oft., then: 

Ma M < Ma (P! (M) < Ma M -F n. 

Proof. Since (p* preserves injectives, it follows that Ma (p^jcpijM)] < Ma cpijM). On 
the other hand, we already know that there is a natural isomorphism (p*((p!(M)) = 
®i6t The shift functors are autoequivalences of the category a Mod’*^'^, therefore: 

idA 1^0 M[l] j = sup{id^ M[l] I I G 0 = id^ M, 
and the first inequality follows. 

The second one is obvious if id^ M is infinite, so we assume it is finite and proceed 
by induction on d = id^ M. The case d = 0 is Theorem 13.31 Assume d > 0 and 
let M —} I be a monomorphism into an injective G-graded A-module; let OM be its 
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cokernel, which has injective dimension d — 1 in a . We get a short exact sequence 

of G '-graded modules 

0 —> cpijM) —> (pijl) —> (pijaM) —> 0. 

Using a standard argument, id^ cpi (M] < max{idA^ (p!(I),idA^ (pijOM]}-!- 1, which by 
the inductive hypothesis is smaller than or equal to d. This proves the second inequal¬ 
ity. □ 

The inequalities in the statement of Corollary I4.1l are sharp, as the following examples 
show. For the first inequality, take G = Z, G' = {0} and, of course, cp : Z —> {0} the 
trivial morphism. Set A = k[t] with the obvious Z-grading. We see that idj A = 
idA A = 1, thus in this case, for M = A, the first inequality is in fact an equality. On 
the other hand, idjk[t,t“'] = 0, but idAk[t,W^] = 1, so in this the case the second 
inequality is an equality. Incidentally, the case where G = Z and G' = {0} was already 
studied by E. Ekstrom, see IIEks89l Theorem 0.2]. 

Levasseur has proved in IILev92l 3.3] that if A is noetherian and N-graded, its injec¬ 
tive dimension and its graded injective dimension are equal. The proof of this result 
uses a spectral sequence which is not available if the grading group is not Z. It would 
be interesting to find a different proof using the change of grading functors, but we have 
been unable to do so. We can, however, prove the following result, which holds even 
if the algebra A is not noetherian and thus provides a generalization of Levasseur's 
result. Recall that an N'^-graded algebra is a Z'^-graded algebra such that the support 
{£, G IT" I A£^ / 0} is contained in N”-. 

Proposition 4.2. Suppose A is an 1^'^-graded algebra and let (p : "ZT —> Z he the morphism- 
defined by g){a],..., Un) = ui -I- • • • -I- Un. The injective dimension of A in MocJa is equal to 
its injective dimension in MocIa. 

Proof. Since we already know that idj A < idj A by Proposition 14. 11 we only need to 
prove the opposite inequality. Eor every n G N the set (p“^ (n) n is finite, so 

0 = n 

£,€(p-hTL) £,6(p-'A) 

It follows from this that cpi (Aj = (p* (A) and, since cp* is right adjoint to the exact functor 
(p*, it preserves injectives; in particular, Ma cp* (A) = Ma cpi (A) is at most Ma A, which 
completes the proof. □ 
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